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We theoretically study the phase sensitivity of an SU(1,1) interferometer with a thermal state
and squeezed vacuum state as inputs and parity detection as measurement. We find that phase
sensitivity can beat the shot-noise limit and approaches the Heisenberg limit with increasing input
photon number.
I. INTRODUCTION
Over the past decades, there has been much progress
in both theoretical and experimental research on quan-
tum metrology. This development has been due to the
use of quantum resources in quantum metrology and has
led us to surpass classical sensitivity [1–12]. One of the
important tasks in quantum metrology is the estimation
of optical phase. Mach-Zehnder interferometers (MZI),
which consist of two mirrors, two beam splitters and a
phase shifter, is a conventional tool for phase estimation.
Using only classical light, MZI can achieve a phase sensi-
tivity of 1/
√
N , called shot noise limit (SNL) , where N
is the mean number of photons that have passed through
the MZI. But using quantum resources, the phase sensi-
tivity can approach 1/N which is called Heisenberg limit
[13–15]. A MZI is also called an SU(2) interferometer
as Yurke et al. showed that the group SU(2) can natu-
rally characterize MZI in [16]. Furthermore, in the same
paper, the authors first proposed another type of inter-
ferometer, which is characterized by the group SU(1,1).
They named it SU(1,1) interferometer and showed that it
can beat SNL. SU(1,1) interferometer is similar to SU(2)
interferometer except that the two beam splitters are re-
placed by two optical parametric amplifiers (OPAs).
Some new SU(1,1) interferometer schemes were pro-
posed recently. Plick et al. [17] presented a theoretical
scheme that uses bright coherent source to boost the sen-
sitivity of SU(1,1) interferometer. Their scheme achieved
scaling far below SNL for bright sources. To get the same
sensitivity and reduce the required intensities of the in-
put states, Li et al. [18] considered a squeezed vacuum
state to replace one of the two input coherent states. In
addition, they used homodyne measurement as their de-
tection, which is convenient for experimental detection
of squeezing. Li et al. [19] also proposed another scheme
that uses parity detection, which simply measures the
even or odd number of photons in the output mode, and
can be implemented by using homodyne techniques [20].
More recently, Szigeti et al. [21] presented a modification
∗ cherry901115@hotmail.com
of a SU(1,1) interferometer where all the input particles
participate in phase measurement and showed how this
can be implemented in spinor Bose-Einstein condensates
and hybrid atom-light systems.
All SU(1,1) interferometer schemes mentioned above
estimates phase information with coherent states. In
this article, we propose an interferometric scheme that
performs phase estimation using a thermal state. Ther-
mal states are central concept in thermodynamics and
statistical mechanics and have several important proper-
ties, such as, typical dynamics evolve the system towards
thermal state, and it is the state that maximizes the en-
tropy under constraints on physical quantities [22, 23].
Moreover, a thermal state is more easily accessible and,
being an equilibrium state, is more stable than coherent
state. This makes our SU(1,1) interferometric scheme
much easier to implement experimentally.
The structure of the present paper is as follows: In Sec.
II. A, we introduce the model along with basic transfor-
mation rules of SU(1,1) interferometer. The Heisenberg
limit and shot-noise limit of the system is calculated in
Sec. II. B. The Parity detection method along with phase
sensitivity obtained from this scheme is presented in Sec.
II. C. Finally, comparison between phase sensitivity and
Heisenberg limit is given in Sec. II. D. Lastly, we conclude
with a brief summary in Sec. III.
II. SU(1,1) INTERFEROMETER VIA PARITY
DETECTION
A. Model
An SU(1,1) interferometer is shown in Fig. 1, in which
beam splitters of a traditional MZI are replaced by OPAs.
Here, we consider a thermal state and a squeezed vacuum
state as inputs. Let aˆ (aˆ†), bˆ (bˆ†) be the annihilation
(creation) operators of two modes respectively. After first
OPA, the upper path undergoes a phase shift φ1 and
the lower path undergoes a phase shift φ2. After second
OPA, we perform output detection to obtain the acquired
phase difference between the two modes.
The evolution through an SU(1,1) interferometer is
as follows. Transformations through first OPA, phase
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2FIG. 1. Schematic diagram of an ideal SU(1,1) interferometer.
An SU(1,1) interferometer is similar to a MZI except the two
beam splitters are replaced by two OPAs. |Ψth〉 and |Ψξ〉
are thermal state and squeezed vacuum state respectively. ai
and bi(i = 0, 1, 2) denote two light beams in the different
processes. φ1 and φ2 describe the phase shift in the two paths.
shifter and second OPA are described by
TˆOPA1 =
(
u1 v1
v∗1 u1
)
, (1)
Tˆφ =
(
eiφ1 0
0 eiφ2
)
, (2)
TˆOPA2 =
(
u2 v2
v∗2 u2
)
, (3)
with uj = cosh gj , vj = e
iθj sinh gj , where θj and gj
are phase shift and parametrical strength in the OPAs
(j = 1, 2). Hence, the tranformation through a SU(1,1)
interferometer is represented by Tˆ = TˆOPA2TˆφTˆOPA1.
After the first OPA, the relation between modes aˆ1, bˆ1
and aˆ0, bˆ0 is described by(
aˆ1
bˆ†1
)
= TˆOPA1
(
aˆ0
bˆ†0
)
. (4)
After propagation through SU(1,1) interferometer, the
relation between input and output modes is described by(
aˆ2
bˆ†2
)
= Tˆ
(
aˆ0
bˆ†0
)
. (5)
B. Heisenberg limit and Shot-noise limit
From Eq. (4), we can calculate the mean photon num-
ber n¯ inside the SU(1,1) interferometer. Notice that
n¯ is not the total input photon number because OPAs
are nonlinear and have gain and there will be sponta-
neous photons emitted. Hence, the photon number in-
side SU(1,1) interferometer is amplified compared to in-
put number. The mean photon number n¯ inside SU(1,1)
interferometer is given by
n¯ = 〈Ψin| (aˆ†1aˆ1 + bˆ†1bˆ1) |Ψin〉 , (6)
with |Ψin〉 = |Ψth〉⊗ |Ψξ〉, where |Ψth〉 is a thermal state
and |Ψξ〉 is a squeezed vacuum state. Finally, the total
photon number in SU(1,1) interferometer is given by
n¯ = (nOPA + 1) (nth + ns) + nOPA, (7)
where, nth is the input photon number of the thermal
state, ns = sinh
2r is the photon number of the squeezed
vacuum, nOPA = 2sinh
2g is the emitted photon number
from the first OPA and g = g1 = g2 is the parametrical
strength of the two OPAs. We can see that there are two
contributions in increasing the mean photon number in-
side SU(1,1) interferometer. The first contribution comes
from the amplification process of the input photon num-
ber and the second contribution appears due to the am-
plification of the input vacuum state, a process called the
spontaneous process. Using the total inside photon num-
ber, for our SU(1,1) scheme with thermal and squeezed
vacuum state, we calculate the SNL and HL to be
∆φSNL =
1√
n¯
=
1√
(nOPA + 1) (nth + ns) + nOPA
, (8)
∆φHL =
1
n¯
=
1
(nOPA + 1) (nth + ns) + nOPA
. (9)
C. Phase sensitivity
We consider parity measurement as our output detec-
tion. Parity detection is a single mode measurement and
parity operator detection on output mode b is defined as
Πˆb ≡ (−1)bˆ
†
2bˆ2 . (10)
According to Ref. [20], parity measurement satisfies
〈Πˆb〉 = piW (0, 0), that is, the expectation of parity mea-
surement is given by the value of Wigner function at the
origin of the phase space. This property is very useful for
calculating the parity signal. The minimum detectable
phase i.e., the phase sensitivity is given by
∆φ =
∆Πˆb∣∣∣∂〈Πˆb〉/∂φ∣∣∣ , (11)
where, ∆Πˆb =
√
〈Πˆ2b〉 − 〈Πˆb〉
2
=
√
1− 〈Πˆb〉2 with the
property that 〈Πˆ2b〉 = 1. The phase sensitivity via parity
detection for a SU(1,1) interferometer with thermal and
squeezed vacuum state is calculated to be
∆φ =
√
2
nOPA(nOPA + 2)[1 + (1 + 2ns)(1 + 2nth)]
,
(12)
with the assumption, φ= 0. For an arbitrary value of φ,
the phase fluctuation is shown in eqs. (B2) and (B3) (See
Appendix B).
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FIG. 2. Phase sensitivity with parity detection as a function
of g with constraint r = 0, nth = 0 on the input.
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FIG. 3. Phase sensitivity with parity detection as a function
of nth with r = 0, g = 2. The phase sensitivity at nth = 0 is
equal to the sensitivity at g = 2 in Fig. 2 and becomes greater
with increasing nth.
D. COMPARISON BETWEEN PHASE
SENSITIVITY AND HL
In this section, we compare the phase sensitivity via
parity detection with HL and SNL.
First, we consider two vacuum states as our inputs.
The phase sensitivity with parity detection is found to
be ∆φv = 1/
√
nOPA(nOPA + 2), while the corresponding
Heisenberg limit is ∆φHL = 1/nOPA, and the shot noise
limit is ∆φSNL = 1/
√
nOPA. We plot the phase sensitiv-
ity ∆φ as a function of g in Fig. 2 along with ∆φSNL and
∆φHL. In this case, phase sensitivity with parity detec-
tion always beats SNL and HL. Moreover, when g ≤ 0.6,
SNL is below HL because the total inside photon number,
nOPA < 1.
We then, consider thermal and vacuum state as in-
puts. As depicted in Fig. 3, under the condition (r = 0
and g = 2), phase sensitivity via parity detection always
beat SNL but it does not approach HL. In this case, as
the total inside photon number is always larger than 1,
SNL is always greater than HL. Note that the values of
phase sensitivity and HL at nth = 0 are equal to the
corresponding values at g = 2 in Fig. 2. The phase sen-
sitivity increases by increasing the mean photon number
of the thermal state.
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FIG. 4. Phase sensitivity with parity detection as a function
of nth with constraints r = 2, g = 2. Comparing the values
at nth = 20 in Fig. 3, both the phase sensitivity and HL are
lower due to replacing vacuum state with squeezed vacuum
state. Moreover, the phase sensitivity is much higher.
Lastly, we inject thermal and squeezed vacuum state as
inputs. Comparing Eq. (9) with Eq. (12), the necessary
optimal condition for approaching HL is found to be
nth =
sinh2g − ns
cosh2 (2g)
. (13)
The above expression guarantees that the phase sensitiv-
ity for input thermal state nth, input squeezed vacuum
state ns and the OPA process g approaches HL. One can
prove that regardless the values of ns and g, the optimal
mean photon number nth of the thermal state is no more
than 1. Fig. 4 shows phase sensitivity as a function of nth
under the condition r = 2, g = 2. The phase sensitivity
with parity detection is always below SNL but cannot
beat HL. Comparing Fig. 4 with Fig. 3, we see that the
phase sensitivity becomes larger and closer to HL by re-
placing vacuum state with squeezed vacuum state. With
increasing nth, the phase sensitivity approaches the HL.
In Fig. 5, we compare phase sensitivity of parity de-
tection with HL as a function of g. One can see that
phase sensitivity at g = 2 in Fig. 5 is equal to the phase
sensitivity at nth = 20 in Fig. 3 and becomes closer to
HL with increasing g. We also plot phase sensitivity and
HL as a function of r in Fig. 6. Similarly, the phase sen-
sitivity at r = 2 in Fig. 6 is equal to the phase sensitivity
at nth = 20 in Fig. 3 and get closer to the HL with the
increase in r.
III. CONCLUSION
We have studied the phase sensitivity of an SU(1,1) in-
terferometer. If two vacuum states are considered at the
input, the phase sensitivity can approach HL due to the
total photon number inside the interferometer being very
small. However, if one input state is a thermal state, the
phase sensitivity worsens and at best beats the SNL but
not the HL. If we replace the vacuum state by a squeezed
vacuum state, different strategies will give higher phase
sensitivity. These strategies include, increasing photon
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FIG. 5. Phase sensitivity with parity detection as a function
of g with r = 2 and nth = 20. The values of phase sensitivity
and HL at g = 2 are equal to the values at nth = 20 in Fig. 3
and increases with increase in g.
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FIG. 6. Phase sensitivity with parity detection as a function
of r under the condition g = 2 and nth = 20. The values of
phase sensitivity and HL at g = 2 are equal to the values at
nth = 20 in Fig. 3 and gets smaller by increasing pump power.
number of the thermal state or increasing the paramet-
ric strength g in the OPA or increasing the squeezed
strength r which all achieve higher phase sensitivity and
approaches HL.
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Appendix A: PARITY DETECTION SIGNAL
For analysis of our interferometer, we use Wigner func-
tions as our mathematical model. First, we focus on evo-
lution of mean values and covariance matrix of quadra-
ture operators in SU(1,1) interferometer. The quadrature
operators can be defined as [24]
xˆaj = aˆj + aˆ
†
j , pˆaj = −i(aˆj − aˆ†j), (A1)
xˆbj = bˆj + bˆ
†
j , pˆaj = −i(bˆj − bˆ†j), (A2)
and the quadrature column vector is defined as
Xj = (Xˆj,1, Xˆj,2, Xˆj,3, Xˆj,4)
T = (xˆaj , pˆaj , xˆbj , pˆbj )
T .
(A3)
The mean and covariances of quadrature operators are
given by
X¯j = (〈Xˆj,1〉, 〈Xˆj,2〉, 〈Xˆj,3〉, 〈Xˆj,4〉)T , (A4)
Γklj =
1
2
Tr[(X˜j,kX˜j,l + X˜j,lX˜j,k)ρ], (A5)
where, X˜j,k = Xˆj,k−〈Xˆj,k〉, X˜j,l = Xˆj,l−〈Xˆj,l〉 and ρ is
a density matrix of the input state.
Transformations through the first OPA, phase shifter
and the second OPA in phase space are described by
SOPA1 =
 cosh g0sinh g
0
0
cosh g
0
− sinh g
sinh g
0
cosh g
0
0
− sinh g
0
cosh g
 ,
(A6)
Sφ =

cos(φ2 )
sin(φ2 )
0
0
− sin(φ2 )
cos(φ2 )
0
0
0
0
cos(φ2 )
sin(φ2 )
0
0
− sin(φ2 )
cos(φ2 )
 ,
(A7)
SOPA2 =
 cosh g0− sinh g
0
0
cosh g
0
sinh g
− sinh g
0
cosh g
0
0
sinh g
0
cosh g
 ,
(A8)
with, g1 = g2 = g, φ1 = φ2 = φ/2, θ1 = 0 and θ2 = pi.
Hence, the propagation of X¯0 and Γ0 through SU(1,1)
interferometer is determineded by S = SOPA2SφSOPA1.
And the evolution of mean values and covariance matrix
of quadrature operators in SU(1,1) interferometer is given
by
X¯2 = SX¯0, (A9)
Γ2 = SΓ0S
T . (A10)
5We obtain the mean value and covariance matrix of the
outputs from the above calculation. Then, with the mean
value and the covariance matrix of the lower output, we
can get the measurement signal. According to Ref. [25],
the parity detection is
〈Πˆb〉 = exp(−X¯
T
22 · Γ22−1 · X¯22)√|Γ22| , (A11)
where, X¯22 = (Xˆj,3, Xˆj,4)
T and Γ22=
(
Γ332 Γ
34
2
Γ432 Γ
44
2
)
.
In our scheme, the inputs are thermal and squeezed
vacuum state and the initial mean value and covariance
matrix of quadrature operators are
X¯0 = 0,
Γ0 = σth ⊕ σsqz,
(A12)
as both of the input states have zero mean and their
covariance matrices are
σth = (2nth + 1)
(
1 0
0 1
)
, (A13)
σsqz =
(
e2r 0
0 e−2r
)
. (A14)
According to Eq. (A9) and Eq. (A10), the final mean
value and covariance matrix of quadrature operators be-
come
X¯2 = 0, (A15)
Γ2 =
 γ11γ21γ31
γ41
γ12
γ22
γ32
γ42
γ13
γ23
γ33
γ43
γ14
γ24
γ34
γ44
 , (A16)
where,
γ11 = e
−2r sin2(
φ
2
)sinh2 (2g) +
1
4
[
3 + cosh (4g)− 2 cosφsinh2 (2g)] (1 + 2nth) , (A17)
γ13 = γ31 = sin
2(
φ
2
) sinh (4g) (− cosh r + sinh r) (cosh r + ernth) , (A18)
γ14 = γ41 = e
−2r cosh g sinφ sinh g
[
1 + e2r (1 + 2nth)
]
, (A19)
γ22 = e
2r sin2(
φ
2
)sinh2 (2g) +
1
4
[
3 + cosh (4g)− 2 cosφsinh2 (2g)] (1 + 2nth) , (A20)
γ23 = γ32 = cosh g sinφ sinh g
(
1 + e2r + 2nth
)
, (A21)
γ24 = γ42 =
1
2
sin2(
φ
2
) sinh (4g)
(
1 + e2r + 2nth
)
, (A22)
γ33 =
1
2
e2r (1 + cosφ) + e−2rcosh2 (2g) sin2(
φ
2
) + sin2
(
φ
2
)
sinh2 (2g) (1 + 2nth), (A23)
γ34 = γ43 = cosh (2g) sinφ sinh (2r) , (A24)
γ44 =
1
2
e−2r (1 + cosφ) + e2rcosh2 (2g) sin2(
φ
2
) + sin2(
φ
2
)sinh2 (2g) (1 + 2nth). (A25)
With Eq. (A15) and Eq. (A16), we know the mean value and the covariance matrix of the lower output b which is
given as
X¯22 =
(
0
0
)
,Γ22 =
(
γ33 γ34
γ43 γ44
)
. (A26) After plugging the values into Eq. (A11), we get the par-
6ity detection signal, which is given as
〈Πb〉 = 8√
T
, (A27)
where,
T = e−2r{−7 + 50e2r − 7e4r + (1 + e2r)2[4 cosh(4g)
+ 3 cosh(8g) + 8 cos(2φ)sinh4(2g)− 8 cosφsinh2(4g)]}
+ 32e−2rsin2
(
φ
2
)
sinh2 (2g)nth{(1 + e4r)[3 + cosh(4g)
− 2 cosφsinh2(2g)] + 8e2rsin2(φ
2
)sinh2(2g)(1 + nth)}.
(A28)
If φ = 0, the outputs will be same as the inputs and the
signal will reduce to 〈Πb〉 = 1 which coincides with the
theory that for one-mode squeezed vacuum, the parity
signal is 1.
Appendix B: PHASE ESTIMATION
According to Eq. (11), Eq. (A11) and Eq. (A26), one
can calculate the phase sensitivity via parity detection
with thermal and squeezed vacuum as input states in
SU(1,1) interferometer using
∆φ =
∆Πˆb∣∣∣∂〈Πˆb〉/∂φ∣∣∣ , (B1)
where,
∆Πˆb = {1− 64/{e−2r{−7 + 50e2r − 7e4r + (1 + e2r)2[4 cosh(4g) + 3 cosh(8g) + 8 cos(2φ)sinh4(2g)
− 8 cosφsinh2(4g)]}+ 32e−2rsin2(φ
2
)sinh2 (2g)nth{(1 + e4r)[3 + cosh(4g)− 2 cosφsinh2(2g)]
+ 8e2rsin2(
φ
2
)sinh2(2g)(1 + nth)}}}1/2,
(B2)
|∂〈Πˆb〉/∂φ| = −{128sinh2(2g){−2 sin(2φ)sinh2(2g)[cosh2r + nth(1 + cosh(2r) + nth)] + sin(φ){4cosh2(2g)cosh2r
+ 4nth[cosh
2(2g) cosh(2r) + sinh2(2g)(1 + nth)]}}}/{e−2r{−7 + 50e2r − 7e4r + (1 + e2r)2[4 cosh(4g)
+ 3 cosh(8g) + 8 cos(2φ)sinh4(2g)− 8 cosφsinh2(4g)] + 32sin2(φ
2
)sinh2(2g)nth[(1 + e
4r)(3 + cosh(4g)
− 2 cosφsinh2(2g)) + 8e2rsin2(φ
2
)sinh2(2g)(1 + nth)]}}3/2.
(B3)
One can verify that the phase sensitivity with φ = 0 is given as in Eq. (12).
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